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New speial funtions solving nonlinear
autonomous dynamial systems
Léon Brenig
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Abstrat
A general solution is found for a large lass of time ontinuous au-
tonomous nonlinear dynamial systems, the so-alled quasi-polynomial
systems. This solution is expressed in terms of a new type of spe-
ial funtions dened via their Taylor series. The oeients of these
Taylor series are generated by a tensor that generalizes the fatorial
funtion and has a ombinatorial meaning. The existene of these fun-
tions raises the question of the relation between them and the haoti
behaviour of the solutions that may appear for the quasi-polynomial
dynamial systems.
Introdution
This artile is intended to draw the attention of speialists in the elds of
speial funtions, ombinatoris and nonlinear dynamis on a new lass of
speial funtions that solve a broad lass of nonlinear dynamial systems.
Let us dene an autonomous dynamial system in ontinuous time as a sys-
tem of oupled nonlinear ODEs of the form
x˙i = fi(x1, · · · , xn) (1)
where the dot denotes the time derivative, the index i runs from 1 to n, the
dependent variables xi are real, the funtions fi are enough regular to ensure
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the existene and uniity of solutions, and the boundary onditions are given
at the initial time.
For suh systems there does not exist a universal struture of the gen-
eral solution. This is in strong ontrast with the partiular ase of linear
autonomous dynamial systems for whih the general solution of the Cauhy
problem is given by the exponential of the onstant matrix that haraterizes
eah of these systems.
One reason for this lak of universality is the innite diversity of possible
funtional forms of the funtions fi in equations (1). Moreover, the nonlin-
earity of the equations entails a fatorial explosion in the oeients of the
Taylor series of the solutions: A oeient of order k involves a sum of k!
terms that depend on the spei form of the funtions fi. The reursion
relations between these oeients are as diult to solve as the original
ODEs. Hene, one should not wonder that in most ases it is impossible to
nd a losed form struture for the general k -th order Taylor oeient of
suh solutions.
In this artile, we show that for the lass of quasi-polynomial systems
dened in the next hapter, a universal form of the general solution to the
Cauhy problem an be found. Moreover, as has been shown by E.Kerner
[7℄, most systems of non-polynomial nonlinear ODEs relevant for physis,
hemial kinetis and generally for mathematial modeling in natural and
soial sienes an be reshaped in the form of systems of polynomial ODEs.
The latter, in turn, are a sub-lass of the quasi-polynomial systems of ODEs.
This general property, thus, extends our general solution to most nonlinear
systems of ODEs dening dynamial systems.
The quasi-polynomial dynamial systems
Let us dene the sub-lass of dynamial systems (1) for whih the funtions
fi are quasi-polynomials, i.e. nite sums of monomials involving powers of
the dependent variables that an be real numbers. Suh monomials we shall
all quasi-monomials.
The systems of this lass an be ast into a useful standard notation, the
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so-alled quasi-polynomial (QP) representation[1, 2℄:
x˙i = xi
N∑
j=1
Aij
n∏
k=1
x
Bjk
k for i = 1, . . . , n (2)
where N refers to the number of quasi-monomials in the set of variables xj
in the right-hand side, and A and B are onstant retangular matries re-
spetively n×N and N×n with entries that are real numbers. The presene
of the fator xi in front of the right-hand side of the above equation is es-
sential and onstrains the denition of both matries. However, it does not
restrit the generality of the lass of systems (2) as any polynomial or quasi-
polynomial an be represented in that form. The presene of the fator xi
underlines the importane of the logarithmi time derivative of the funtions
xi(t) whih plays a fundamental role in the present approah.
Other authors have found independently the same form (2) and derived
from it theoretial results in the elds of hemial reations and eologial
systems[3, 4, 5℄. These works were mainly onerned with models desribing
omplex networks of interating entities and they were essentially devoted to
the study of the stability properties of some of their solutions. More gener-
ally, the QP lass overs almost all the systems of interest for mathematial
modeling in natural and soial sienes.
A fundamental feature of the above QP representation of a dynamial
system is its ovariane under the group of quasi-monomial transformations.
These are transformations of the dependent variables dened as follows:
xi =
n∏
k=1
x˜
Cik
k for i = 1, . . . , n (3)
where the matrix C is any invertible, onstant, real, square n × n matrix.
In order to avoid unrelevant disussions about the existene of the inverses
of these transformations and their dierentiability we limit our sope to sys-
tems and to initial onditions suh that their solutions remain in the positive
one. However, it an be proven that most of the following results ontinue
to be valid for systems not fullling this restrition.
It an be easily shown that under transformations (3) the system (2)
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beomes:
˙˜xi = x˜i
N∑
j=1
A˜ij
n∏
k=1
x˜
B˜jk
k for i = 1, . . . , n (4)
with the following rule of transformations for the matries A and B:
A˜ = C−1A (5)
and
B˜ = BC (6)
where the produts are matrix produts. The identity of form of equations
(2) and (4) learly exhibits the ovariane of the QP equations under the
quasi-monomial group of transformations. Let us stress that:
B˜A˜ = BA (7)
in other words, the N ×N matrix BA is an invariant of the quasi-monomial
transformations (3). This means that the whole set of QP-systems is divided
into equivalene lasses labeled by suh N × N matries. The fundamental
matrix BA is related to the existene of a anonial form in eah equivalene
lass as we now show.
Indeed, under a partiular quasi-monomial transformation, any QP sys-
tem an be brought to a anonial form, the so-alled Lotka-Volterra system
of ODEs [1, 2, 6℄:
x˙i = xi
N∑
j=1
Mijxj for i = 1, . . . , N (8)
where N is the number of monomials of the original QP system (2) and the
square N×N matrixM is equal to the matriial produt BA of the two ma-
tries B and A. There also exists a seond anonial form dual of the above
one, whih until now has been muh less studied [1℄ but is also haraterized
by the same matrix BA.
In a given equivalene lass, the passage to the Lotka-Volterra form is
most easily shown in the partiular ase of QP systems for whih the number
N of quasi-monomials is equal to the dimension n of the system (2), the
so-alled square QP-systems. For the square QP-systems the matries A and
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B are of ourse square matries. In this ase, and if the matrix B is not
singular, the quasi-monomial transformation (3) in whih the matrix C is
hosen equal to B−1 leads to the equation (4) with
A˜ = BA (9)
and
B˜ = I (10)
where I is the identity matrix. Thus, the transformed equation is now:
x˙i = xi
N∑
j=1
(BA)ijxj for i = 1, . . . , N (11)
where we omitted for onveniene the tilde aent on the new variables
xi in the transformed equation. This is exatly the Lotka-Volterra form an-
nouned in (8) with M = BA, i.e. M is the invariant matrix (7).
For the non-square QP systems, i.e. the systems whose matries A and B
respetively are n×N and N × n, the Lotka-Volterra form (8) is also shown
to be the anonial form with a matrix M = BA that is N ×N [2, 6℄. Thus,
the redution to the Lotka-Volterra anonial form is a general property of
the QP dynamial systems.
The fat that the transformation leading to the anonial form is a dif-
feomorphism redues the analysis of the solutions of general QP-systems to
those of the orresponding Lotka-Volterra systems. This result paves the
way to the transfer of the whole orpus of knowledge related to the latter
equations whih is pretty extensive.
We now show that this redution to the Lotka-Volterra format leads to
an expliit formula for the general solution of the QP-systems. This solution
is expressed in terms of a Taylor series whose general oeient is expliitely
known.
General solution of QP-systems
The Taylor series in time t for the solution xi(t) of the Lotka-Volterra dier-
ential system (8) is dened as
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xi(t) =
∞∑
k=0
ci(k)
tk
k!
for i = 1, . . . , N (12)
The oeient ci(k) is alulated by performing the k order time deriva-
tive of xi(t) at time t = 0. This is readily done by iterating the t derivative
while reursively using the Lotka-Volterra system (8). The result is amaz-
ingly simple:
ci(k) = xi(0)
N∑
i1=0
. . .
N∑
ik=0
Mii1 (Mii2 +Mi1i2) . . .
(
Miik +Mi1ik + · · ·+Mik−1ik
)
xi1(0) . . . xik(0)(13)
where the xi(0) are the omponents of the initial ondition. Here again
we omitted the tilde aent on the variables xi .
The onsidered Lotka-Volterra system results from the transformation
(8,9,10) of a QP-system (2). Going bak to the original variables of this QP-
system, we get for the order k oeient Ci(k) of the Taylor series solving
this system:
Ci(k) = xi(0)
N∑
i1=0
. . .
N∑
ik=0
Aii1 (Aii2 +Mi1i2) . . .
(
Aiik +Mi1ik + . . .+Mik−1ik
)
n∏
j1=1
xj1(0)
Bi1j1 . . .
n∏
jk=1
xjk(0)
Bikjk
(14)
where i runs from 1 to n and n is the dimension of the original QP-system.
Thus, the general solution of the QP-system is
xi(t) =
∞∑
k=0
Ci(k)
tk
k!
for i = 1, . . . , n (15)
An observation of the oeients ci(k) learly reveals a ombinatorial
struture related to the produt
Mii1 (Mii2 +Mi1i2) . . .
(
Miik +Mi1ik + . . .+Mik−1ik
)
(16)
.
For a one dimensional Lotka-Volterra system this produt would redue
to k!Mk. In more dimensions the number M is replaed by the omponents
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of the matrix Mij . By doubling the number of sums and introduing the
orresponding Kroneker deltas the previous produt beomes
N∑
j1=0
. . .
N∑
jk=0
δij1 (δij2 + δi1j2) . . .
(
δijk + δi1jk + . . .+ δik−1jk
)
Mj1i1Mj2i2 . . .Mjkik
(17)
where the tensor
δij1(δij2 + δi1j2) . . .
(
δijk + δi1jk + . . .+ δik−1jk
)
(18)
is a N-dimensional generalization of the fatorial funtion k!. Its role in the
struture of the Taylor oeient is double. It governs the type of ontrated
produts between the k tensors M that appear in the oeient ci(k), and
also ounts these types. The ombinatorial study of this objet would er-
tainly lead to interesting perspetives.
The above Taylor series (12), when it onverges, an be onsidered as
dening a new lass of speial funtions whih presents some analogy with
the large lass of the hypergeometri funtions. In analogy with the latter
lass of speial funtions, the study of other properties of these new funtions
suh as asymptoti series expansions and integral representations would be
of the greatest interest. Indeed, the QP-systems are known to have for er-
tain values of their parameters haoti solutions. The latter have extremely
omplex behaviours in t suh as the sensitivity with respet to the variations
of the initial onditions or strange attrators having fratal geometry in the
phase-spae. These properties should be related in some way to the proper-
ties of the funtions that we generated as solutions of these systems. Suh a
study would ertainly ontribute to develop a bridge between the theory of
nonlinear dynamial systems and the theory of speial funtions.
Furthermore, we believe that the study of the ombinatorial properties of the
tensor (18) ould be of great interest for both ombinatoris and dynamial
system theory.
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